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1. INTRODUCTION
In ordinary differential equations, there are two notable results on
asymptotic integration of almost diagonal linear differential systems of the
form
y9 s L t q R t y , 1 .  .  . .
where
L t s diag l t , . . . , l t . 2 4 .  .  .  .1 n
w x w xThese are due to Hartman and Wintner 5 and Levinson 6 . The
hypotheses of both theorems are: a dichotomy condition on L and an
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integrability condition on R. In Hartman and Wintner's theorem
R g L p 0, q` , 1 F p F 2, 3 .  .
and in Levinson's theorem
R g L1 0, q` . 4 .  .
The dichotomy condition on L in Hartman and Wintner's theorem is
Re l t y l t G « ) 0, i / j, 5 .  .  . .i j
while the dichotomy condition on L in Levinson's theorem is the lower or
t   .  .. w xupper boundedness of H Re l s y l s ds. See 1, 2, 4, 6]8 .t i j
 .  .Hartman and Wintner's theorem ensures that a system 1 satisfying 3
 .and 5 has a fundamental matrix C such that
t ÄC t s I q o 1 exp L s ds , t ª q` , 6 .  .  .  .H /0
where
ÄL t s L t q diag R t , 7 .  .  .  .
while in Levinson's theorem the asymptotic formula for C is
t
C t s I q o 1 exp L s ds , t ª q` . 8 .  .  .  .H /0
It is reasonable that in the last case, diag R does not appear in the
 . 1 .asymptotic formula 8 since diag R g L 0, q` . This is not the only
difference between the two theorems. The proof of Levinson's theorem is
based on the method of successive approximations. It is a direct and simple
proof. However, the original proof of Hartman and Wintner's theorem is
w xcomplicated. It is neither direct not simple. Harris and Lutz 4 give a
 .  .  .  .simple proof reducing the system 1 satisfying 3 and 5 to a system 1
satisfying Levinson's theorem. In order to do that they construct an
ingenious transformation which allows this.
In this paper we propose an extension and a simpler proof of Hartman
and Wintner's theorem. Our proof is direct and makes fundamental use of
 .the dichotomies actually the trichotomy involved which will be the basis
of our approach. We extend Hartman and Wintner's result to the general
n = n system
y9 t s A t q R t y t , 9 .  .  .  .  . .
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 .  .where A t and R t are complex matrix-valued functions, locally inte-
w .grable, defined on the interval 0, q` .
w .  .We define, for t, s g 0, q` , F s F t, s the Cauchy matrix of the
system
x9 s A t x , 10 .  .
 .  .that is, F ?, s is the fundamental matrix of system 10 such that
 .F s, s s I.
 .The main hypotheses satisfied by system 9 are:
 . n nH1 There are complementary projections P : C ª C , i s 0, 1, 2,i
such that
A t P s P A t , i s 1, 2, .  .i i
11 .
nA t P s l t P , dim P C s 1, .  .  .0 0 0 0
and there is a constant M ) 0 such that
t
F t , s P F M exp y« t y s exp l , t G s, 12 .  .  .H1 0 /s
t
F t , s P F M exp « t y s exp l , t F s. 13 .  .  .H2 0 /s
 .  .  .H2 R t satisfies the integrability condition 3 and
P R t P s r t P , .  .0 0 0 0
where r is a function from Rq into C.0
 T .When P s e ? e , where e is the k th vector of the canonical basis,0 k k k
 .  .and R s r , the first part of H2 is naturally satisfied with r s r . Wei j 0 k k
 .will consider the case when A t is in Jordan canonical form.
Our work can be easily extended to
m
iy9 s A t q R t y , .  .
is1
where
Ri g L pi , i F p F 2.i
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2. PRELIMINARIES
First, we will need two technical lemmas:
 w x. pLEMMA 1 see 3, 4 . Let r g L , p G 1, be a nonnegati¨ e and continu-
ous function on Rq. For t G 0 and « ) 0 define
t
w t , « s r s exp y« t y s ds, .  .  .H
0
q`
z t , « s r s exp « t y s ds, .  .  .H
t
then
 .  .  .i w t, « ª 0, z t, « ª 0, t ª q` ,
 .  . q  . qii w ?, « g L , z ?, « g L if q G p.
 .Remark 1. Part ii is satisfied when 1rp q 1rq s 1 and p F 2.
LEMMA 2. Let r g L p, c ) 1, and « ) 0. Then, for t ) s ) s and s
large enough,
«t
exp r F c exp t y s . .H / 2s
Proof. By Holder's inequality,È
q`t  .py1 rp p< <r F t y s r . 14 .  .H H
s s
p q` < < pSince r g L , H r F «r2 for s sufficiently large. So, if t y s G 1,s
 . t  . .  .  .by 14 we obtain H r F «r2 t y s since p y 1 rp - 1. Moreover, 14s
t < < < t <implies lim H r s 0. Then, for any c ) 1, exp H r F c for st ªq` ty1 s
large enough. So, from the above facts, the result is obtained.
 .Now we compare 9 with the system
x9 s A q R x , 15 .  .0
where
R s P R . 16 .0 0
ÄFrom now on l s l q r and U will be the Cauchy matrix of the system0 0
 .15 . We have the following calculation for U.
LEMMA 3. We ha¨e
t ÄU t , s P s exp l P 17 .  .H0 0 /s
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and, for i s 1, 2,
t ÄU t , s P s F t , s P q exp l .  . Hi i  /s
t j Ä= R j exp y l F j , s P dj . 18 .  .  .H H0 i /s s
Proof. By applying P to the left-hand side ofi
d
U t , s s A q R U t , s , .  .  .0dt
we obtain
P U t , s s F t , s P , i s 1, 2, .  .i i
 n.and since dim P C s 1,0
d ÄP U t , s s l t P U t , s q R t F t , s P q R t F t , s P . .  .  .  .  .  .  .0 0 0 1 0 2dt
 .  .So, by the variation of constants formula, we obtain 17 and 18 .
 .  .Let U t, s and U t, s be matrices defined by01 02
q`t jÄ ÄU t , s P s exp l y R j exp y l F j , s P dj , .  .  .H H H01 1 0 1 /  /s t s
19 .
q`t jÄ ÄU t , s P s exp l R j exp y l F j , s P dj . 20 .  .  .  .H H H02 1 0 1 /  /s s s
Remark 2. Observe that
P U t , s P s U t , s P q U t , s P . .  .  .0 1 01 1 02 1
Thus U has been split into four parts which will be estimated in the
following lemmas.
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 .  .In the following, hypotheses H1 and H2 will be used.
LEMMA 4. For s sufficiently large, there is c G 1 such that
«t Äi exp y l F t , s P F c exp y t y s , t G s G s , .  .  .H 1 / 2s
«t Äii exp y l F t , s P F c exp t y s , s F t F s. .  .  .H 2 / 2s
 .Proof. Part i follows from
t t tÄexp y l F t , s P s exp y l F t , s P ? exp r .  .H H H1 0 1 0 /  /  /s s s
t
F exp y« t y s exp r , 21 .  .H 0 /s
 .using Lemma 2. Part ii follows similarly.
LEMMA 5. There is a constant K ) 0 such that
«t Äi P U t , s P F K exp l ? exp y t y s , .  .  .H1 1  / 2s
t Äii U t , s P F K exp l .  . H01 1  /s
q` «
= R j exp s y j dj .  .H 0 2t
for t G s G s and s sufficiently large.
 .  .  .  .  .Proof. First, let us prove i . From 18 , P U t, s P s F t, s P and i1 i i
 .is obtained using Lemma 4 i .
 .  .Now let us prove ii . By Lemma 4 i there is a constant K ) 0 such1
that
t ÄU t , s P F K exp l . H01 1 1  /s
q` «
= R j exp y j y s dj , tGs. .  .H 0 2t
 .from which ii is obtained.
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LEMMA 6. There is a constant K ) 0 such that
t Äi U t , s P F K exp l .  . H02 1  /s
q` «
= R j exp y j y s dj , .  .H 0 2s
«t Äii U t , s P F K exp l exp t y s .  .  .H2  / 2s
«t
q R j exp j y s dj .  .H 0 2s
for s G t G s and s sufficiently large.
 .  .Proof. First, we will prove part i . By Lemma 4 i , there is a constant
K ) 0 such that3
q` «t ÄU t , s P F K exp l R j exp y j y s dj , .  .  .H H02 1 3 0 / 2s s
 .  .  .from which part i is obtained. To prove part ii , by 18 ,
t tÄ ÄU t , s P s exp l exp y l F t , s P .  .H Hi i /  /s s
t j Äq R j exp y l F j , s P dj . .  .H H0 i / /s s
 .So from Lemmas 2 and 4, we obtain part ii for s G t G s and s
sufficiently large.
3. MAIN RESULTS
Now we can prove the following generalized version of the
Hartman]Wintner theorem.
 .  .  .THEOREM 1. Assume that H1 and H2 hold. Then system 9 has a
w w  n n..solution y g C s , q` , L C , C for s sufficiently large, satisfying0
t Äy t s exp l s ds P q o 1 22 .  .  .  . .H0 0 /
s
as t ª `.
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w w  n n..Proof. Let C s C s , q` , L C , C and consider the operator Ns
defined on C bys
t ÃN y t s U t , s P q P U t , s P R s y s ds .  .  .  .  .  .H0 1 1
s
q`
Ãy U t , s P R s y s ds .  .  .H 2
t
t Ãq U t , s P R s y s ds .  .  .H 01 1
s
q`
Ãy U t , s P R s y s ds, 23 .  .  .  .H 02 1
t
Ãwhere R s R y R .0
By the variation of constants formula and Remark 2, it is not difficult to
 .see that every fixed point y of N is a solution of system 9 . Hence we will0
 .show that the operator N has a fixed point satisfying 22 .
Consider the norm
t Ä5 5y s sup exp y l y t .H /
stGs
 5 5 4and the Banach space C s y g C : y - q` . Then we haves
 .  .i N C : C ,
 .ii N has a unique fixed point y in C , and0
 .  .iii y satisfies 22 .0
In fact, for a convenient constant K, define
«t
s ÃH t s K exp y t y s R s ds, .  .  .H1 2s
«t
s ÃH t s K R s exp y t y s ds .  .  .H2 2s
q` «
= R j exp y j y t dj , .  .H 0 2t
q` q` «
s ÃH t s K R s R j exp y j y s dj ds, .  .  .  .H H3 0 /2t s
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and
q` «
s ÃH s K exp t y s R s ds .  .H4 2t
q` s « Ãq R j exp y s y j dj R s ds . .  .  .H H 0 /2t s
From Lemmas 4]6, we have
t t
sÃ Ä 5 5P U t , s P R s y s ds F exp l H t y , .  .  .  .H H1 1 1 /s s
t t
sÃ Ä 5 5U t , s P R s y s ds F exp l H t y , .  .  .  .H H01 1 2 /
s s
q` t
sÃ Ä 5 5U t , s P R s y s ds F exp l H t y , .  .  .  .H H02 1 3 /t s
and, finally,
q`
ÃU t , s P R s y s ds .  .  .H 2
t
q` «t Ä ÃF exp l K exp t y s R s ds .  .H H / 2s t
q` s « Ã 5 5q R j exp y j y s dj R s ds y .  .  .H H 0 /2t t
t
sÄ 5 5F exp l H t y .H 4 /
s
for all y g C , s sufficiently large.
s s s s s  .Moreover, if H s H q H q H q H , then by 231 2 3 4
t
sÄN y t y N y t F exp l H t y y y 24 .  .  .  .H1 2 1 2 /
s
for all y , y in C.2 2
s  .  .By Lemma 1, H t ª 0 as t ª q` . From 24 with y s 0, there is a2
constant c ) 0 such that
t tÄ Ä 5 5N y t y exp l P F c exp l y . H H0 /  /0 s
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and
t Älim exp y l N y t y P s 0. 25 .  .H 0 /tªq` s
 .  .Hence, N y g C for all y g C , and i is proved. From 24 , if we take s
s  .so large that sup H t - 1, then N is a contraction and by Banach'st G s
 .  .fixed point theorem, N has a fixed point y and 25 proves iii .0
The Hartman]Wintner theorem can be generated to the case, R s SR l,
l  .where each R satisfies H2 .
THEOREM 2. Consider the n = n system
m
ly9 t s A t y t q R t y t , 26 .  .  .  .  .  . /
ls1
 .  . lwhere A t satisfies the trichotomy condition H1 , and, for 1 F l F m, R
l l  n. l p lsatisfies P R P s r P , with dim P C s 1, and R g L , 1 F p F 2.0 0 0 0 0 l
 .Then, for s large enough, system 26 has a solution y such that0
m
t ly t s exp l q r P q o 1 .  . .H0 0 0 0 / /s ls1
as t ª `.
Proof. The proof is analogous to the proof of Theorem 1. Take
m
lR t s R t .  .
ls1
and define the operator N on the same space C considered in Theorem 1.
l l Ã l l lLet R s P R , R s R y R and for K a convenient constant let0 0 0
m y«t
s lÄH t s K exp t y s R s ds, .  .  . H1 2sls1
m y«t
s lÃH t s K R s exp t y s ds .  .  . H2 2sls1
m q` «
l= R j exp t y j dj , .  . H 2tls1
m q` q` «Äs l lÃH t s K R s R j exp j y s dj ds, .  .  .  . H H3 0 /2t sÄl , ls1
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m ` «
s ÃH t s K exp t y s R s ds .  .  . H4 2tls1
q` s «Äl lÃq R j exp y s y j dj R s ds . .  .  . H H 0 /2t sÄl , ls1
s  . s  .  .By Lemma 1, H t , H t ª 0 as t ª q` . Let q s p r p y 1 .1 2 l l l
Ät q` l<  . < w . .x <  . < w .Since H R j exp «r2 s y j dj and H R j exp «r2 j ys 0 t 0
p Ä ql l.xs dj are in L and tend to 0 as t ª q` , they are in L for some l
since p F 2 and q G 2. So, by a similar argument to the proof ofÄl l
Theorem 1, we prove the theorem.
4. AN APPLICATION
In this section we assume that the matrix B is in Jordan form, that is,
ky1 m
B t s J l t [ l t [ J l t , .  .  .  . .  .[ [n i k n ii i
is1 iskq1
 .where J l are the n = n Jordan matricesn i ii
l 1 0 ??? 0
0 l 1 ??? 0J l s .ni ??? ??? ??? ??? 1 0
0 0 0 ??? l
and the l 's are functions from R into C satisfyingi
 .H1 9
Re l t y l t - yh - 0, i s 1, . . . , k y 1, .  . .i k
Re l t y l t ) h ) 0, i s k q 1, . . . , m. .  . .i k
THEOREM 3. Consider the linear differential system
y9 t s B t q R t y t , 27 .  .  .  .  . .
 .  .  .  . pwhere B t satisfies H1 9 and R t s r g L , 1 F p F 2.i j
 .  .Then 27 has a solution y t defined for t G s , s sufficiently large, such0
that
t
y t s exp l q r e q o 1 28 .  .  . .ÄÄ ÄH0 k k k k /
s
Äas t ª `, where k s n q ??? qn q 1.1 ky1
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 .  . ky1  T .Proof. If we take A t s B t , P s [ I , P s e ? e , andÄ Ä1 n 0 k kis1 i
 .  .  .P s I y P y P , A t satisfies H1 with « s hr2. In fact, F t, s can be2 1 0
written as
ky1
t t
F t , s s exp l exp t y s J 0 [ exp l .  .  .[ H Hi n ki /  /s sis1
m
t
[ exp l exp t y s J 0 .  .[ H i n i /siskq1
Äand there is K ) 0 such that
hÄexp t y s J 0 F K exp t y s .  .  .ni 2
 .  .and R t naturally satisfies H2 .
By applying Theorem 1, the result is obtained.
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